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ABSTRACT 
Let C, be the semigroup of all the n X tr circulant Boolean matrices (n > 2), 
and let R be a nonzero element in C,. The sandwich semigroup of C,(R) is the set 
C, together with the multiplication rule A * B = ARB. For a given idempotent I, in 
C,(R), we characterize the matrices A E C,(R) that belong to I, in the sense that 
A*k = I, for some nonnegative integer k. When R is the identity matrix, the result 
specializes to a theorem of Schwarz. 0 Eksevier Science Inc., 1996 
1. INTRODUCTION 
In this paper, we examine an important property of finite semigroups for 
the specific case of sandwich semigroups of circulant Boolean matrices. 
Let B = (0, 1) be a Boolean algebra, and let C, be the set of all the 
n X n circulant matrices over B (n > 2). The elements of C, are all of the 
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matrices of the form 
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a, *** a,_, 
A= 
. . 
where ai E B (i = 0, 1,2,. . . , rt - 1). 
Denote by 2 the zero matrix in C, with all the entries 0, by J the matrix 
in C, with all the entries 1, and by E the matrix with all the diagonal entries 
1 and all the other entries 0. Denote 
0 1 0 *** 0 0 
0 0 1 -** 0 0 
P= 
. . . . . . . . . . . . . . . 
0 0 0 -*- 0 1 
L1 0 0 0 0 
For any A E C,, A can be written uniquely as 
A = a,E + a,P + a,P2 + *** +u~_~P”-‘, ai E B, (1.1) 
where we define P” = E. Under the usual multiplication operation of Boolean 
matrices, the set C, forms a commutative semigroup with ]C,] = 2”. For a 
fixed element R E C,, we define a new operation * in C, as follows: For 
any A, B E C,, A * B = ARB, where ARB is the usual product of Boolean 
matrices. It is obvious that C, is also a commutative semigroup under the 
operation * . The new semigroup with the operation * is called a sandwich 
semigruup of circulant Boolean matrices with a sandwich matrix R and is 
denoted by C,(R). 
In [B], Schwan gives a necessary and sufficient condition for a matrix in 
C, to belong to (see the first paragraph of Section 2) a give idempotent 1 of 
C,. This is a particular case of the sandwich semigroup C,,(R) with R = E. 
The purpose of this paper is to give a necessary and sufficient condition for 
an element in C,(R) to belong to a given idempotent Zrrd of C,,(R) for an 
arbitrary sandwich matrix R. The result of Schwarz in [B] will be included in 
the result of this note as the special case of R = E. 
CIRCULANT BOOLEAN MATRICES 159 
2. PRELIMINARIES 
Let S be a finite semigroup. For an arbitrary x E S, it is well known (see 
[5]) that the sequence {x, x2, x3,. . .} contains one and only one idempotent 
in the sense that an element e E S is said to be an idempotent if e2 = e. 
Denote this idempotent by e,. As in [8], we say that x belongs to the 
idempotent e,. Also, if e is an idempotent, we let 
K(e) = {x E Sle, = e} 
= (x E SI x k = e for some positive integer k} . 
Denote by Id(S) the set of all the idempotents in S. Since each element of S 
belongs to a unique idempotent, we have 
S = U K(e), 
PEIXS) 
where all the sets K(e), e E Id(S), are disjoint. Moreover, if S is commuta- 
tive, K(e) is the maximal subsemigroup of S that contains e and no other 
idempotent (see [5, p. 211, [8], or [9]). In Section 3, we will give a necessary 
and sufficient condition for A E C,(R) to belong to a given idempotent of 
C,(R). 
For convenience, some notation and definitions are given in the following. 
DEFINITION 2.1. Let al,. . . , a, be m (m > 2) integers. The greatest 
common divisor of a,, . . . , a, is denoted by gcd(a,, . . . , urn). . 
DEFINITION 2.2. Let M = {ml, .. . , m,) and N = {n,, . . . , n,} be two 
sets of integers. Let m be an integer. Denote 
m + N = {m + nl,...,m + n,} 
and 
M+N={mi+njli=1,2 ,..., s;j=1,2 ,..., t}. 
DEFINITION 2.3. Let M and N be two sets of integers, n a positive 
integer. If each integer in M is congruent to some integer in N modulo n, 
160 WENCHAO HUANG 
we write M c N (mod n). We write M = N (mod n) is M G N (mod n) and 
N G M (mod n). 
DEFINITION 2.4. Let n be a positive integer and Z f A E C,. If A = 
P”’ + . . . + P”t and 0 < n, < *** < nt <n, then nl,...,nt are called the 
support numbers of A. Denote 
SN(A) = [n,,...,n,]. 
NOTATION 2.5. Let A E C,(R) and m be a positive integer. Denote by 
A *m the mth power of A in C,(T), i.e., 
A *m=A*A*...*A. 
m times 
The mth power of A in C, is denoted in the usual way, i.e., 
A” = A.A . . . A. 
m times 
The following theorem is given in [7]. It will be applied in Section 3 to 
prove the main result. 
THEOREM 2.6 (See [7, Theorems 5.9, 5.101). Let SN(R) = [k, ,..., k,]. 
Let d be a positive common divisor of n, k, - k 1, k, - k,, . . . , k, - k 1, let 
t = n/d, and let 0 < c < d be the common residue of -k,, -k,,..., -k, 
module d. Then 
z = pc + pc+d + . . . +pc+(t-l)d 
is a nonzero idempotent element in C,(R). All the nonzero idempotent 
elements in C,(R) are obtained in this way. 
REMARK. If 0 E SN(R), then c = 0 and so every nonzero idempotent 
element in C,(R) has the form 
z = E + pd + pzd + . . . +p(t-Ud 
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where d is a positive common divisor of k,, . , . , k,, n, and t = n/d. 
Conversely, all the nonzero idempotent element in C,(R) can be obtained in 
this way. 
It is clear that the idempotent element in Theorem 2.6 is uniquely 
determined by R and d. We denote this idempotent by I,, d. 
NOTATION 2.7. Let I, d E C,(R) be an idempotent element. Denote by 
K,” the set of all the elements in C,(R) which belong to I,, d, i.e., 
K,” = {A E C,( R) 1 A* k = I,, d for some positive integer k} . 
3. MAIN RESULTS 
In this section, a necessary and sufficient condition for A E C,(R) to 
belong to the idempotent element I,,, E C,(R) is given, where I,, d is an 
idempotent element in C,(R) described in Theorem 2.6. 
LEMMA 3.1. Let I,, d be an idempotent element in C,( RI Let B E C,,(R) 
and 0 E SN(B). ZfB E Ki, then 
where p is a nonnegative integer, 1 < pu, < pu, < ... < pP < t - 1, and 
n = td. 
Proof. Denote I = Zs, d. By Theorem 2.6, 
SN( Z) = [c, c + d, c + 2d,. . . , c + (t - l)d]. 
Suppose k is a positive integer such that B*k = Z Then BkRk- ’ = 1. Note 
that SN( AB) = SN( A) + SN( B) (mod n) for any ‘A, B E C,. It follows that 
{ s1 + ... +skIsi E SN(B), 1 G i G k} 
+ l f-1 + ‘*’ +r& j r ESN(R),l<j<k-1) 
z {c,c + d,..., c + (t - l)d} (mod n). 
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Suppose SN(B) = [0, m,,m,, . . . . mpl and SN(R) = [k,, k, ,..., kll. Since 
0 E SN(B), then 
(k - l)k, = c + ad (mod n) 
for some integer a, 0 Q a Q t - 1. On the other hand, for any mj E SN(B), 
there exists an integer b, 0 < b < t - 1, such that 
mj + (k - l)k, = c + bd (mod n). 
By above congruence expressions, it follows that 
mi = (b - a)d (mod n). 
This implies that there exists an integer pj, 1 < pj < t - 1, such that 
mj = pjd (mod n). Note that 1 < mj, pjd < n. It follows that mj = pjd. 
Therefore, SN(B) = [O, pld, . . . . ppdl, i.e., B = E + PCLld + *** +P’pd. n 
LEMMA 3.2. Let B E C,(R). Let w be an integer and 0 < w < n - 1. 
Then B and P “B belong to the same idempotent of C,(R). 
Proof. Suppose I is the idempotent in C,(R) such that B E Kfl and 
B *’ = Z with a positive integer k. Let m > 0 be the least common multiple 
of n and k, and m = un = vk. Then 
( P”B)*m = ( P”B)mR”-’ = PWmB*m 
= ( p”)wu( B*k)*” = I*’ = 1. 
Hence, P”B belongs to the same idempotent I, and the lemma follows. w 
Note that, for any Z # A E C,(R), A can be expressed in the form 
A = P”( E + P”1 + Pm2 + ... +P5), 
where 0 < w < n - 1 and 0 < m, < m2 < ... < mp < n. By Lemma 3.1 
and Lemma 3.2, we only need to consider the following question: 
For A = PW(E + Ppld + Ppsd + ..’ +P’pd) E C,(R) where p is a non- 
negative integer and I < p1 < .** < pup < t - 1, and a given idempotent 
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element I, d E C,(R), what are the necessary and sufficient conditions for A 
to be in Ki? 
LEMMA 3.3. Let Z3 = E + Pm1 + Pm* + ... +P”p E C,(R), where 1 ( 
m, <m, < ... < mp < n - 1. Suppose 0 E SN(R). Then B*(“-‘) is an 
idempotent of C,(R). 
Proof. If for A and B in C,(R), we write A < B if ajj = 0 whenever, 
bij = 0, then C, is an ordered semigroup with the order =G . Since 0 E 
SN( R), we have E < R. Hence, for any nonnegative integer t, 
According to this inequality, we have 
Since in an expression (1.1) an element in C,(R) has at most n terms, there 
exists an integer r, 1 < r < n - 1, such that B*’ = B*(‘+‘). It follows that 
B *r - -B *(r+l) = B*(‘+“) = . . . = B*zr = (B*‘)+ 
So B*’ 1s an idempotent element in C,(R). Obviously, we have B* r = 
B *(r+l) = . . . = B*(m-l) W 
THEOREM 3.4. Suppose 0 E SN( R). Suppose I is an idempotent element 
in C,(R). Suppose B = E + Pm1 + *a* +P”p, where 0 <p < n - 1 and 
l<m,< ... <mp<n-lifp>O.LetA=P”BwhereO<w<n-1. 
Then A belongs to Z if and only $ B*(“-l) = 1. 
Proof. By Lemma 3.2 and Lemma 3.3, the conclusion follows immedi- 
ately. n 
For R E C,, suppose SN(R) = [k,, k, ,..., k,] and ZR,d E C,(R) is an 
idempotent element. By Theorem 2.6, ZR,d = PC + Pc+d + *** +Pc+(t-l)r’, 
where n = td, c + kj = 0 (mod d) (j = 0, 1, . . . , Z), and 0 < c < d. Let 
c + kj = rjd (j=O,l,Z ,...) I). 
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Then (rO, ri,. . . , rl> is a sequence of integers such that 0 < r0 < ri < .** < 
r,. If I > 1, let sj = 1; - r0 (j = 1,2,. . . , I). Then 
R = prod-“( E + ps,d + . . . +ZNd). 
Also, 61, s2.. . .> sl> is a sequence of positive integers such that 0 < si < 
sp < **’ < s1 < t. If 1 > 1, then (si, s2, . . . , sl) is called the d-sequence of 
R. If 1 = 0, we take the d-sequence of R to be the empty sequence. 
THEOREM 3.5. Suppose I,, d is a given idempotent element in C,(R) and 
61, s 2>“‘> s,) is the d-sequence of R. Suppose A = P”(E + PCLld + PILZd + 
a*. +Pbd) E C,(R). Then A E K,” if and only if gcd(~.,,...,El.p,sl,..., 
sl, t) = 1, where t = n/d. 
Proof. If t = 1, then A = P” and R = P ko. Since I,, n = Pnpko and 
P” = Pw+koPn-ko, by Lemma 3.2 P” belongs to I,,, and the theorem 
holds. Thus we may assume that t > 1. 
Denote B = E + Pl*ld + -1. +Pppd. By Lemma 3.2, A E Ki if and only 
if B E Ki. Denote R, = E + Psld + *a* +PSld. Then R = Prod-cR, where 
c + k, = r,d and SN(R) = [k,, k,, . . . , /cl]. 
“Only if’: Since Z3 E K,, d there exists a positive integer m such that 
B *m = B”‘R”‘-l = Z, d, 
i.e., 
Hence, there exists a positive integer m such that 
(m - l)(r,d - c) + SN( B”) + SN(R;T”-‘) 
= {c, c + d,. . . , c + (t - l)d} (mod n). 
Since 
’ xi are nonnegative integers and 
ixi <m (modn) 
i=l I 
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and 
SN(RI”-‘) = are nonnegative integers and 
iYjC?Fl I (mod fl), j=l 
therefore, for any (Y, 0 < (Y < t - I, there exist two sequences of nonnega- 
tive integers (xJip= , and { y,lj= 1 such that 
(m- l)(r,,d-C) + d=c+ad(modn), 
i.e., 
(m-I)r,cl+ (&x,,,)d+ j~,yjsj~~~~+,.j(mod~). (3.5.1) 
Since d I n, it follows that d I mc by (3.5.1). Since n = td, by (3.5.1) it 
follows that, for any (Y, cr = 0, 1, . . . , t - 1, there exists nonnegative integers 
Xl>...> rr,, Yl,..., y1 such that 
P 1 mc c xi/J+ + c yjsj = - d +(Y-((m-I)r,,(modt). (3.5.2) 
i=l j=l 
It is clear that gcd( /_Q,. . . , /_L,, sl, . . . , sI, t) divides me/d + CY - Cm - lb,, 
for any (Y, (Y = 0, 1, . . . , t - 1. Hence, gcd( p,, . . . , p s,, . . . , sl, t) = 1. 
“If’: Suppose gcd( pi,. . . , pp, sl,. . . , sl, t) = 1. Let m = Nd. Then, for 
each (Y = 0, l,..., t - 1, the congruence equation (3.5.2) [and consequently, 
the congruence equation (3.5.I)] h as an integral solution {xJ,P, 1, { y,>:= 1 with 
0 < xi, yj < t - 1 for all i, j. If N is sufficiently large, it follows that 
C/= 1 xi < m and Cl= 1 yj < m - 1. These observations imply that 
(m - l)( rod - c) + SN( I?“‘) -t SN( R;‘- ‘) 
2 (c, c + d,. . . )  c + (t - I)d} (mod n). (3.5.3) 
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According to the structures of SN(B”‘) and SN(R;“- ‘>, since n = td, there 
are at most t integers in the set SN(B”‘) + SN(R;“- ‘), no two of which are 
congruent modulo n. Hence, there are at most t integers in the set 
(m - lXr,d - c) + SN(B”‘) + SN(R;“-‘), no two of which are congruent 
modulo n. Since ISN(Z,,,)j = t, by (3.5.3) it follows that 
SN(Z,,,) = (m - l)(r,d - c) + SN(Bm) + SN(Ry-‘) (mod n). 
This shows that 
B *m = P(m-W,-c)BmR~-1 = Z, d. 
Therefore, A E Ki. n 
COROLLARY 3.6. LetPY~C,withO<v<n-l.LetZ,,,dbeagiven 
idempotent element in C,(P”). Suppose A = P”(E + Ppld + *** +P’pd) E 
C,( P”). Then A E K ,“” 
t = n/d. 
if and only if gcd( Z+, pa,. . . , pp, t) = 1, where 
Proof. Since R = P”, the d- sequence of R is zero. By Theorem 3.5, the 
conclusion is obvious. n 
REMARK. When v = 0, then Corollary 3.6 is the same as Theorem 1 in 
b31. 
The author thanks Professor Hans Schneider for his great help on this 
paper. 
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